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In a recent study, a light sheet imaging approach has been proposed (Hartung et al., J. Appl. Phys. B 96
(2009) 843–862) which permits measurement of a quantity S�2D

d , which is the two-dimensional projection
of the actual density-weighted displacement speed S�d for turbulent premixed flames. Here the statistics
of S�d and S�2D

d are compared using a direct numerical simulation database of statistically planar turbulent
premixed flames. It is found that the probability density functions (pdfs) of S�2D

d approximate the pdfs of
S�d satisfactorily for small values of root-mean-square turbulent velocity fluctuation u0, though the S�2D

d

pdfs are wider than the S�d pdfs. Although the agreement between the pdfs and the standard-deviations
of S�2D

d and S�d deteriorate with increasing u0, the mean values of S�2D
d correspond closely with the mean

values of S�d for all cases considered here. The pdfs of two-dimensional curvature j2D
m and the two-

dimensional tangential-diffusion component of density-weighted displacement speed S�2D
t are found to

be narrower than their three-dimensional counterparts (i.e. jm and S�t respectively). It has been found
that the pdfs, mean and standard-deviation of p=2� j2D

m and p=2� S�2D
t faithfully capture the pdfs, mean

and standard-deviation of the corresponding three-dimensional counterparts, jm and S�t respectively. The
combination of wider S�2D

d pdfs in comparison to S�d pdfs, and narrower S�2D
t pdfs in comparison to S�t pdfs,

leads to wider S�r þ S�n
� �2D ¼ S�2D

d � S�2D
t pdfs than the pdfs of combined reaction and normal-diffusion

components of density-weighted displacement speed S�r þ S�n
� �

. This is reflected in the higher value of
standard-deviation of S�r þ S�n

� �2D, than that of its three-dimensional counterpart S�r þ S�n
� �

. However,
the mean values of S�r þ S�n

� �2D remain close to the mean values of S�r þ S�n
� �

. The loss of perfect correlation
between two and three-dimensional quantities leads to important qualitative differences between the
S�r þ S�n
� �2D � j2D

m and S�r þ S�n
� �

� jm , and between the S�2D
d � j2D

m and S�d � jm correlations. For unity Lewis
number flames, the S�d � jm correlation remains strongly negative, whereas a weak correlation is
observed between S�2D

d and j2D
m . The study demonstrates the strengths and limitations of the predictive

capabilities of the planar imaging techniques in the context of the measurement of density-weighted dis-
placement speed, which are important for detailed model development or validation based on experi-
mental data.

� 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction

The displacement speed Sd is a quantity of key importance in
turbulent premixed combustion [1], which represents the speed
with which the flame front moves normal to itself with respect
to an initially coincident material surface. Although Sd is a quantity
on which turbulent combustion models based on level-set [1] and
ion Institute. Published by Elsevier

(N. Chakraborty), georg.har-
pool.ac.uk (M. Katragadda),
flame surface density (FSD) methodologies [2,3] critically depend,
experimental data on the statistical behaviour of Sd in turbulent
flames are rarely presented in the literature [4,5]. For turbulent
premixed flames Sd is an inherently three-dimensional quantity
and its determination requires the resolution of local flow velocity
fields and complete knowledge of the evolving flame geometry.
This requires a time-resolved measurement of the three-
dimensional flame topology, as well as the full convective flow
field. Despite all advances in laser imaging technology for turbu-
lent combustion, attempts to measure three-dimensional displace-
ment speed Sd remain futile. Even if the future brings about the
theoretical possibility of measuring Sd, the associated uncertainties
Inc. All rights reserved.
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Nomenclature

Arabic
CP specific heat at constant pressure
CV specific heat at constant volume
c reaction progress variable
c� progress variable value defining flame surface
D progress variable diffusivity
D0 progress variable diffusivity in the unburned gas
Da Damköhler number
hmax greater of principal curvatures by magnitude
hmin smaller of principal curvatures by magnitude
kglobal global turbulent kinetic energy evaluated over the

whole domain
kglobal,0 global turbulent kinetic energy evaluated over the

whole domain at initial time
Ka Karlovitz number
Le Lewis number
l integral length scale
Ma mach number
N
!

actual flame normal vector in three-dimensions
N
!

2D apparent flame normal vector in two-dimensions
Ni ith component of flame normal
Pr Prandtl number
Ret turbulent Reynolds number
Sc Schmidt number
Sd actual displacement speed in three-dimensions
S�d actual density-weighted displacement speed in three-

dimensions
S2D

d apparent displacement speed in two-dimensions
S�2D

d apparent density-weighted displacement speed in two-
dimensions

SL unstrained laminar burning velocity
S�n actual normal diffusion component of density-weighted

displacement speed in three-dimensions
S�t actual tangential-diffusion component of density-

weighted displacement speed in three-dimensions
S�2D

t apparent tangential-diffusion component of density-
weighted displacement speed in two-dimensions

S�r actual reaction component of density-weighted dis-
placement speed in three-dimensions

S�r þ S�n
� �2D apparent combined reaction and normal diffusion

component of density- weighted displacement speed
in two-dimensions

sh shape factor

tsim simulation timebT dimensional temperature
Tac activation temperature
Tad adiabatic flame temperature
T0 reactant temperature
ui ith component of fluid velocity
u0 root–mean–square turbulent velocity fluctuation
vg Kolmogorov velocity scale
_w chemical reaction rate of reaction progress variable

xi ith Cartesian co-ordinate

Greek
a angle determining local flame normal orientation
b angle between N

!
2D and M

!

bZ Zel’dovich number
c ratio of specific heats (=CP/CV)
dth thermal laminar flame thickness
g Kolmogorov length scale
jm actual flame curvature in three-dimensions
j2D

m apparent flame curvature in two-dimensions
j1, j2 principal curvatures
k thermal conductivity
l dynamic viscosity
lSD mean value of S�d=SL

l2D
SD mean value of S�2D

d =SL

lSRN mean value of S�r þ S�n
� �

=SL

l2D
SRN mean value of S�r þ S�n

� �2D
=SL

q density
qF density at the flame front
q0 unburned gas density
rSD standard-deviation of S�d=SL

r2D
SD standard-deviation of S�2D

d =SL

rSRN standard-deviation of S�r þ S�n
� �

=SL

r2D
SRN standard-deviations of S�r þ S�n

� �2D
=SL

R flame surface density based on fine-grained description
Rgen generalised flame surface density
s heat release parameter

Acronyms
DNS direct numerical simulation
PLIF planar laser induced fluorescence
2D two-dimensional/two-dimensions
3D three-dimensional/three dimensions
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will, in all likelihood, limit the usefulness of the measurements. In
a recent paper, Hartung et al. [5] presented an alternative method-
ology of measuring a quantity related to the density-weighted dis-
placement speed S�d ¼ qF Sd=q0 based on previously developed
techniques for the time-resolved planar imaging of the flame front
contour [6–12] via laser induced fluorescence (LIF) of OH and
simultaneously performed stereoscopic Particle Image Velocimetry
(PIV). This yields a quantity S�2D

d which can be thought of as a pro-
jection of S�d onto the plane defined by the laser sheet. The quantity
S�2D

d can be interpreted as a two-dimensional, density-weighted
displacement speed, which can potentially be used for calibrating
and validating turbulent combustion models. It was indicated in
Ref. [5] that for flames with symmetry (e.g. jet flames with statis-
tical symmetry around the jet axis) the statistics of S�2D

d may repre-
sent the true statistics of S�d under certain conditions. As S�2D

d can be
extracted from experimental data with relative ease and high accu-
racy, it is important to assess the differences between S�2D

d and its
actual three-dimensional counterpart. This is not only of the inter-
est to experimentalists but also for the modelling community be-
cause the present study demonstrates the extent to which the
statistics of two-dimensional displacement speed S�2D
d faithfully

mimic the statistics of the actual three-dimensional density-
weighted displacement speed S�d. However, a quantitative analysis
of the differences between the statistical behaviours of S�d and S�2D

d

is not possible by experimental means alone and this motivated
the current study, where direct numerical simulation (DNS) data
has been used to explore the relation between S�d and S�2D

d directly.
To achieve this goal, S�d and S�2D

d data were extracted from a DNS
database of statistically planar freely propagating turbulent pre-
mixed flames. The data is analysed in terms of the probability den-
sity functions (pdfs) of density-weighted values of the actual
displacement speed (i.e. S�d) and its two-dimensional projection
(i.e. S�2D

d ). Differences between the pdfs of S�d and S�2D
d are analysed

in detail and the physical origins for the observed differences are
identified. Moreover, the pdfs of the actual and two-dimensional
projections of reaction, normal-diffusion and tangential-diffusion
components of density-weighted displacement speed are analysed
in detail. A simple correction is then proposed which permits the
extraction of the actual density-weighted tangential-diffusion
component of displacement speed S�t and flame curvature jm pdfs
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from their two-dimensional counterparts. These results offer infor-
mation about the validity and importance of S�2D

d as a parameter,
which can potentially provide qualitatively similar information as
S�d, while being experimentally accessible with currently available
technology and good measurement precision. However, the pres-
ent results also show that some three-dimensional information is
necessarily lost in two-dimensional measurements of S�2D

d . As a re-
sult, the statistics of the combined reaction and normal-diffusion
components ðS�r þ S�nÞ cannot be recovered in a straightforward
manner from their two-dimensional counterparts. Moreover, it
has been demonstrated that the correlation between the two-
dimensional curvature j2D

m and S�2D
d do not capture the actual cur-

vature jm dependence of S�d and physical explanations are provided
for the observed differences.

2. Mathematical background

In premixed combustion, the species field is often normalised to
define a reaction progress variable c using a suitable reactant mass
fraction YR in the following manner: c = (YR0 � YR)/(YR0 � YR/)
where subscripts 0 and / are used to denote values in unburned
gases and fully burned products respectively. The transport equa-
tion of c is given by:

q½@c=@t þ uj@c=@xj� ¼ _wþ @½qD@c=@xj�=@xj; ð1Þ

which can be rewritten in kinematic form for a given c = c� isosur-
face as:

@c=@t þ uj@c=@xjjc¼c� ¼ Sdjrckc¼c� where Sd

¼ ð _wþr:ðqDrcÞÞ=qjrckc¼c� ð2iÞ

If the c = c⁄ isosurface is considered to be the flame surface, the den-
sity-weighted displacement speed is given by: S�d ¼ qFSd=q0 [5,13–
21], where qF and q0 are the densities at the flame surface and in
the unburned gas, respectively. The density-weighted displacement
speed is often used in level-set [1,22] and FSD [2,3,23–29] based
modelling approaches.

The statistical behaviour of the surface density function
ðSDF ¼ jrcjÞ [30] transport is significantly affected by strain rate
and curvature dependencies of displacement speed. This was dem-
onstrated in Refs. [23,24,27,28] by analysing the statistics of the
various terms of the SDF transport equation:

@

@t
jrcj þ @

@xj
ðujjrcjÞ ¼ ðdij � NiNjÞ

@ui

@xj
jrcj þ Sd

@Ni

@xi
jrcj

� @

@xi
ðSdNijrcjÞ ð2iiÞ

where N
!
¼ �rc=jrckc¼c� is the local flame normal. Eq. (2ii) has also

been obtained while deriving the transport equation of the FSD
based on its fine-grained description R ¼ jrcjdðc � c�Þ in previous
studies [31–33]. In Eq. (2ii), the first term on the left-hand side is
the transient term and the second represents the advection term.
The first term on the right-hand side relates to the generation of
scalar gradients due to straining, the second term to the generation
or destruction of scalar gradients due to curvature stretch and the
third term relates to propagation. Based on the definition of the dis-
placement speed, the mean reaction rate in turbulent premixed
flames can be written as

_wþr:ðqDrcÞ ¼ ðqSdÞsRgen ð2iiiÞ

where Rgen is the generalised FSD which is given by [34]:

Rgen ¼ jrcj ð2ivÞ

The overbars in Eqs. (2iii) and (2iv) indicate either a Reynolds aver-
aging or LES filtering operation as appropriate. The quantity
ðQÞs ¼ Q jrcj=Rgen represents the surface averaged value of a gen-
eral quantity Q [34,35]. Eq. (2iii) suggests that the mean reaction
rate _w can be closed with the help of the generalised FSD if
both the generalised FSD and the surface averaged value of den-
sity-weighted displacement speed qSd (i.e. ðqSdÞs) are adequately
modelled. Under some conditions it may be necessary to solve a
transport equation for the generalised FSD, which takes the follow-
ing form upon Reynolds averaging/LES filtering of Eq. (2ii) [2,3]:

@Rgen

@t
þ @

@xi
ð~uiRgenÞ þ

@

@xi
ðuiÞs � ~ui

� �
Rgen

� �

¼ ðdij � NiNjÞ
@ui

@xj

� �
sRgen �

@

@xi
ððSdNiÞsRgenÞ

þ Sd
@Ni

@xi

� �
sRgen ð2vÞ

where eQ indicates the Favre averaged value of a general quantity gi-
ven by eQ ¼ qQ=�q. The transport equation of FSD based on its fine-
grained description (i.e. R ¼ jrcjdðc � c�Þ) [31–33,35] takes the
same form as that of Eq. (2v) and can be obtained by replacing Rgen

with R. The terms on the left-hand side of Eq. (2v) are the transient
term, the resolved convection term and the sub-grid convection
term. On the right-hand side, the terms are referred to as the strain
rate term, the propagation term and the curvature term, respec-
tively. Eq. (2v) clearly suggests that the statistical behaviour of dis-
placement speed plays a crucial role in the behaviour of the
curvature and propagation terms of the FSD transport equation
[23–29]. Displacement speed also appears in the governing equa-
tion for the level-set (G-equation) approach [1,22]:

@G
@t
þ uj

@G
@xj
¼ SdjrGj ð2viÞ

From Eqs. (2v) and (2vi), it is evident that displacement speed plays
a crucial role in all of the FSD and level-set methods of reaction rate
closure. A number of recent studies [23–28] have demonstrated
that curvature and strain rate dependence eventually determines
the strain rate and curvature dependences of the curvature and

propagation terms (i.e. Sdr � N
!

� �
sRgen and �r � ½ðSd N

!
ÞsRgen� respec-

tively) of the FSD transport equation. The above discussion clearly
demonstrates the need for accurate experimental measurement of
displacement speed, which acts as a backbone in both G-equation
and FSD based modelling methodologies.

It is evident from Eq. (2i) that the statistical behaviour of Sd (and
thus S�d) depends on the relative balance between _w andr:ðqDrcÞ.
Thus it is often useful to decompose S�d into the reaction, normal-
diffusion and tangential-diffusion components (i.e. S�r ; S

�
n and S�t

respectively) as [14–29]:

S�d ¼ S�r þ S�n þ S�t ; ð3Þ

where

S�r ¼ _w=q0jrckc¼c� ; S�n ¼ N
!
:rðqD N

!
:rcÞ=q0jrckc¼c� and S�t

¼ �2qDjm=q0; ð4Þ

with jm ¼ 0:5�r:N
!
jc¼c� ¼ 0:5� ðj1 þ j2Þ representing the arith-

metic mean of two principal curvatures j1 and j2. The quantity
jm will henceforth be referred to as curvature in this paper.

The decomposition of S�d into the reaction, normal-diffusion and
tangential-diffusion components (i.e. S�r ; S

�
n and S�t respectively) [13–

19], as shown in Eq. (4), is important from the point of view of level-
set (G-equation) modelling [1,22] which was discussed in detail by
Peters [1]. Several studies [2,3,21,23–29] have demonstrated the
usefulness of such a decomposition for the modelling of the curva-
ture and propagation terms of the FSD transport equation. Thus it is
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useful and timely to examine whether accurate statistical informa-
tion on various components of displacement speed can be obtained
from their two-dimensional counterparts. This will be addressed in
greater detail in Sections 3 and 5 of this paper.
3. Relation with measureable quantities

For a full review of the experimental approach the reader is re-
ferred to Ref. [5]. A representative three-dimensional view of the
flame surface, measurement plane, relevant co-ordinates and an-
gles are shown in Fig. 1a and b. In three-dimensions the flame
moves with the propagation velocity ~uþ Sd N

!
. The displacement

velocity of the flame with respect to an initially coincident material
surface can be written as Sd N

!
[31,32]. In Ref. [5], the flame propa-

gation and the local velocity measurements have been carried out
simultaneously for a given c isosurface (i.e. OH reaction layer indi-
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Fig. 1. (a and b) Schematic diagrams which explain Eq. (5). The two-dimensional measu
direction is perpendicular to the measurement plane. (a) Effect of flame normal moveme
According to Fig. 1a, the local flame vector N

!
at point A is directed along the direction

directed along the direction given by AC. The angle a is the angle between AB and AC. The
mean direction of flame propagation; (b) Effect of out-of-plane convection on the express
component u3. According to Fig. 1b, the apparent flame normal vector in two-dimension
turbulent kinetic energy evaluated over the whole domain normalised by its initial valu
cating the c isosurface close to maximum heat release). Subse-
quently the projection of the local fluid velocity onto the
measurement plane is subtracted from the flame propagation
velocity in two-dimensions in order to obtain the two-dimensional
displacement speed S�2D

d . The two-dimensional measurement plane
defined by the light sheet is taken to be the x1 � x2 plane in Fig. 1a
and b. With reference to Fig. 1a if the point A on the flame surface
moves along the local flame normal direction in quiescent flow (i.e.
~u ¼ 0), the distance AB by which flame moves in time Dt will be gi-
ven by SdDt. During a light sheet measurement this movement will
be observed to cover the distance AC in the measurement plane.
According to Fig. 1a, the local flame vector N

!
at point A is directed

along the direction given by AB whereas the apparent flame nor-
mal vector in two-dimensions N

!
2D is directed along the direction

given by AC. Using the right angled triangle ABC and standard trig-
onometric relations the distance AC is found to be SdDt/cos a.
Hence the apparent displacement speed in two-dimensions is
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nt on the expression of the two-dimensional projection of displacement speed S2D
d .

given by AB whereas the apparent flame normal vector in two-dimensions N
!

2D is
angle b is the angle between AC and x1-direction which is taken to coincide with the
ion of the two-dimensional projection of displacement speed S2D

d due to the velocity
s N
!

2D is directed along the direction given by AC0 . Temporal evolutions of (c) global
e kglobal/kglobal,0 and (d) normalised turbulent flame speed ST/SL.



Table 1
Initial simulation parameters and non-dimensional numbers relevant to the present
DNS database.

Case u0/SL l/dth s Ret Da Ka

A 5.0 1.67 4.5 22 0.33 8.67
B 6.25 1.44 4.5 23.5 0.23 13.0
C 7.5 2.5 4.5 49.0 0.33 13.0
D 9.0 4.31 4.5 100.0 0.48 13.0
E 11.25 3.75 4.5 110 0.33 19.5
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given as: AC/Dt = Sd/cos a. Figure 1b shows the situation in the case
of out-of-plane convection. Due to out-of-plane convection if the
point A moves a distance AB0 in a time interval Dt then even in
the absence of flame normal propagation, the movement along
the apparent two-dimensional normal direction (i.e. N

!
2D direction)

is AC0 = (u3 tan a)Dt (using the right angled triangle AB0C0). Thus the
apparent two-dimensional displacement speed will be AC0/Dt = (u3

tan a). Combining the situations depicted in Fig. 1a and b an appar-
ent two-dimensional displacement speed S2D

d can be defined in the
following manner [5]:

S2D
d ¼ ðSd= cos aÞ þ u3 tan a ð5Þ

The flame normal components according to Fig. 1a and b are given
by:

N1 ¼ cos a cos b; N2 ¼ cos a: sin b and N3 ¼ sin a ð6Þ

where |b| is given by cos�1 jN
!

2D:M
!
j where N

!
2D is the apparent flame

normal vector in the two-dimensional projection and M
!

is the unit
vector in the direction of mean flame propagation, which is taken to
be the x1-direction for the statistically planar turbulent premixed
flames considered here. A similar formula for the two-dimensional
projection of displacement speed (i.e. S2D

d ¼ Sd= cos a) was recently
used by Hawkes et al. [36] which neglected the effects of out-
of-plane convection. It is worth noting from Eqs. (5) and (6) that a
singularity in the expression of S2D

d may arise when cos a ap-
proaches to zero (i.e. cos a ? 0) and thus care needs to be taken
to choose a measurement plane for the flame under study to avoid
this possibility. Problems are minimised if the direction of mean
flame propagation (here the x1-direction) is known for the experi-
mental set up. A two-dimensional projection on the plane contain-
ing the mean flame propagation direction should then be used
for the measurement S2D

d . This aspect will be addressed again in
Section 5 of this paper.

Following on from above the density-weighted two-dimensional
displacement speed S�2D

d can be written as: S�2D
d ¼ qFS2D

d =q0. A two-
dimensional curvature can be defined, based on the apparent flame
normal vector N

!
2D, as: j2D

m ¼ 0:5�r � N
!

2D. This can then be used to
obtain an apparent two-dimensional density-weighted tangential-
diffusion component of displacement speed:

S�2D
t ¼ �2qDj2D

m =q0 ð7Þ

Thus the apparent two-dimensional combined reaction and normal-
diffusion components of density-weighted displacement speed can
be extracted as:

S�r þ S�n
� �2D ¼ S�2D

d � S�2D
t ¼ S�2D

d þ 2qDj2D
m =q0 ð8Þ

The statistics of S�2D
d , S�2D

t and S�r þ S�n
� �2D will be explored in detail in

Section 5 of this paper along with their relations to actual S�d; S
�
t and

S�r þ S�n
� �

respectively. It is important to note that all quantities de-
fined by Eqs. (6)–(8) can be determined robustly from experimental
measurements using the approach outlined in Ref. [5].

4. Numerical implementation

A DNS database of freely-propagating statistically planar
turbulent premixed flames under decaying turbulence has been
considered for this study. Simulations were carried out using a
three-dimensional compressible DNS code called SENGA [2,3,19–
21,23–25,27,28]. The standard conservation equations of mass,
momentum energy and species for compressible reacting flows
are solved in non-dimensional form. In SENGA [2,3,19–21,23–
25,27,28] all the velocity scales are normalised with respect to un-
strained laminar burning velocity SL. The pre-exponential factor for
the Arrhenius type chemical reaction is modulated to result in the
desired unstrained laminar burning velocity SL for the given value
of thermal diffusivity. The spatial discretisation is carried out using
a 10th central difference scheme for the internal grid points and the
order of the numerical differentiation gradually decreases to a one
sided 2nd order scheme to non-periodic boundaries. The time
advancement is taken care of in an explicit manner using a 3rd or-
der low storage Runge–Kutta scheme [37]. The turbulent velocity
field is initialised using a standard pseudo-spectral method [38] fol-
lowing Batchelor–Townsend spectrum [39], whereas the flame is
initialised by a steady unstrained laminar flame solution. The sim-
ulation domain is taken to be a rectangular parallelepiped with size
36.2dth � 24.1dth � 24.1dth which is discretised by a Cartesian grid
of size 345 � 230 � 230 with uniform grid spacing in each direction
where dth ¼ ðTad � T0Þ=MaxjrbT jL is the thermal flame thickness and
T0, Tad and bT are the unburned gas, adiabatic flame, and the instan-
taneous temperatures, respectively. The boundaries in the direction
of mean flame propagation (i.e. x1-direction) are taken to be par-
tially-non-reflecting whereas the transverse directions (i.e. x2 and
x3 directions) are considered to be periodic. Standard Navier–Stokes
Characteristic Boundary-Conditions [40] have been used for speci-
fying partially non-reflecting boundaries. In this study the chemical
mechanism is simplified by a single-step Arrhenius type reaction
for computational economy as done in several previous studies
[2,3,19–21,23–25,27–29,35,41]. For the present thermo-chemistry
the maximum reaction rate is attained close to c = 0.8 [19–21,23–
25,27–29] and thus the c = 0.8 isosurface will henceforth be taken
as the flame surface in this paper. The grid spacing is determined
by the resolution of the flame and about 10 grid points are kept
within dth for all cases. The initial values for the rms turbulent
velocity fluctuation normalised by unstrained laminar burning
velocity u0/SL and the integral length scale to flame thickness ratio
l/dth are presented in Table 1 along with the values of Damköhler
number Da = l�SL/u0dth, Karlovitz number Ka = (u0/SL)3/2(l/dth)�1/2

and turbulent Reynolds number Ret = q0u0l/l0. The simulation
parameters are chosen in such a manner that a variation of turbu-
lent Reynolds number Ret from 20 to 100 was obtained by indepen-
dently changing Damköhler and Karlovitz numbers. Standard
values are taken for Prandtl number Pr, ratio of specific heats
c = CP/CV and the Zel’dovich number bZ ¼ TacðTad � T0Þ=T2

ad (i.e.
Pr = 0.7, c = 1.4, bZ = 6.0). The Lewis number Le is taken to be unity
for all the species. From Table 1, it is evident that Ka remains greater
than unity for all cases, which indicates that the combustion situa-
tion belongs to thin reaction zones on the regime diagram by Peters
[1]. In all cases flame–turbulence interactions take place under con-
ditions of decaying turbulence for which, simulations should be
carried out for a duration tm = Max(tf, tf), where tf = l/u0 is the initial
eddy turn over time and tc = dth/SL is the chemical time scale. For all
cases, the simulation time is equivalent to one chemical time scale,
i.e. tsim = tc. This corresponds to 2.0tf for case D, 3.0tf for cases A, C, E
and 4.34tf for case B. Although the simulation varies when
measured in terms of the number of eddy turn over times for the
different cases, the thermo-chemistry remains same for all flames,
and the time t = dth/SL corresponds to same duration of flame–
turbulence interaction for all cases. It is worth noting that for the
present thermo-chemistry the thermal flame thickness dth is given
by: dth = 1.785D0/SL. Thus the present simulation time tsim = tc
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corresponds to about two Zel’dovich chemical timescales (i.e.
tsim ¼ tc ¼ dth=SL ¼ 1:785D0=S2

L ). The present simulation time in
terms of both eddy turn over times and chemical time scale is com-
parable to the simulation times used in several previous and con-
temporary DNS studies [13–21,23–29,33,34,41–46]. It is admitted
that longer simulation times have been reported for some configu-
rations (e.g. the Bunsen burner flame in Ref. [36]) but such simula-
tions are highly computationally expensive and would prohibit an
extensive parametric studies as carried out in the current study,
with reasonable computational economy.

Values for u0/SL, l/dth and dth/g when statistics are extracted have
been presented in Table 2. It can be seen from Table 2 that for all
cases the thermal flame thickness dth remains greater than the Kol-
mogorov length scale g when statistics were collected. This sug-
gests that the combustion situation in all cases belongs to the
thin reaction zones regime [1] when statistics were extracted.
The temporal evolution of turbulent kinetic energy evaluated over
the whole domain normalised by its initial value (i.e. kglobal/kglobal0)
is shown in Fig. 1c which shows that the global turbulent kinetic
energy was not varying rapidly when the statistics were extracted.
The temporal variation of the global turbulent kinetic energy was
found to be consistent with several previous studies [19,23,47]. It
is evident from Table 2 that the value of global turbulent velocity
fluctuation level had decayed by 53%, 61%, 45%, 24% and 34% in
comparison to their initial values for cases A-E respectively by
the time statistics were extracted. By contrast, the integral length
scale increased by factors between 1.5–2.25 ensuring sufficient
numbers of turbulent eddies were retained in each direction to ob-
tain useful statistics. The temporal evolution of turbulent flame
speed normalised by unstrained laminar burning velocity (i.e. ST/
SL) for all the cases are shown in Fig. 1d where ST is evaluated as
ST ¼ ð1=q0APÞ

R
V

_wd#, in which AP is the projected area of the flame
in the direction of mean flame propagation. It is evident from
Fig. 1d that the turbulent flame speed ST was no longer changing
rapidly with time when statistics were extracted. It will be demon-
strated later in Section 5 that the qualitative nature of the statistics
presented in this paper remained unchanged since t = 0.5dth/
SL = 0.89D0/SL for all cases. The time t = 0.5dth/SL is equivalent to
1.0tf in case D, 1.5tf in cases A, C, E and 2.17tf for case B.

It is important to note the length scale separation between the
integral length scale l and the Kolmogorov length scale g is limited
by the turbulent Reynolds number (e.g. l=g � Re3=4

t ). For non-react-
ing DNS simulations the grid spacing Dx needs to be smaller than
the Kolmogorov length scale g. On the other hand, it is necessary to
include a sufficient number of integral-scale eddies within the do-
main in order to ensure a sufficient number of statistically inde-
pendent samples. If a total of nl turbulent eddies are
accommodated within the domain then the grid size N in each
direction is given by: N P nll/g which can be rewritten as
N P nlRe3=4

t using the turbulence scaling law l=g � Re3=4
t . More-

over, in combustion DNS the flame thickness dth based on the max-
imum value of the reaction progress variable gradient needs to be
resolved using a minimum of 10 grid points so the grid spacing
needs to be less than dth/10, which yields the grid size requirement
N P nl10l/dth or alternatively N P nl10Re3=4

t =Ka1=2. This suggests
that the grid size requirement for combustion DNS is more
Table 2
Values of u0/SL, l/dth and dth/g when the statistics were extracted (i.e. t = dth/SL).

Case u0/SL l/dth dth/g

A 2.37 2.51 3.41
B 2.43 1.68 4.24
C 4.13 2.53 4.50
D 6.83 9.68 4.51
E 7.44 5.17 5.63
demanding than for non-reacting DNS when Ka < 100. This sug-
gests that the range of the values of u0/SL, l/dth, Ret used in the pres-
ent study is determined by computational economy of carrying out
three-dimensional DNS simulations. Moreover, in order to carry
out an extensive parametric study as done in the current article,
a large number of cases need to be run within reasonable compu-
tational cost. It is important to note that the turbulent Reynolds
number Ret values used in this study are either comparable to or
greater than many previous DNS studies that have contributed sig-
nificantly to the understanding of turbulent combustion [13–
21,23–29,33,34,41–46,48,49]. It is furthermore worth noting that
good agreement was obtained between experimental and DNS data
in a number of previous studies despite prevailing differences in
turbulent Reynolds number Ret [50–52].
5. Results and discussion

5.1. Flame–turbulence interactions

The contours of c at the central x1 � x2 plane at t = 1.0dth/SL are
shown in Fig. 2a–e for cases A–E respectively. Figure 2a–e shows
that the wrinkling of c isosurfaces increases with u0 and the con-
tours of c representing the preheat-zone (i.e. c < 0.5) are much
more distorted than those representing the reaction zone (i.e.
0.7 6 c 6 0.9). This tendency is more prevalent for high Ka flames
because dth remains greater than the Kolmogorov length scale g
in the thin reaction zone regime [1]. Under these conditions, ener-
getic turbulent eddies enter the preheat-zone and cause unsteady
fluctuations and flame distortion while the reaction zone retains its
quasi-laminar structure. The scale separation between dth and g in-
creases with increasing Ka, allowing more energetic eddies to enter
into the flame which in turn causes more severe distortion of the
flame for high values of Karlovitz number.

All the statistics in this study will be presented for the c = 0.8
isosurface because the maximum reaction rate for the present
thermo-chemistry takes place close to c = 0.8 [23,25]. This is con-
sistent with the experimental conditions reported in Ref. [5],
where time-resolved planar imaging of the flame front contour
via OH LIF is used to track the reaction progress variable isosurface
corresponding to the maximum reaction rate. Moreover, in the
context of the level-set method [1,22] and fine-grained FSD i.e.
R ¼ jrcjdðc � c�Þ) based reaction rate closure [35] the most reac-
tive c isosurface is taken to be the flame surface and the density-
weighted displacement speed S�d for that location is of primary
importance [1,22,35]. For these reasons the local statistics of S�d
for the most reactive isosurface have been presented in a number
of previous studies [13–18] and the same approach is followed
here. Although the flame speed statistics are presented only for
the c = 0.8 isosurface, the same qualitative trends have been ob-
served for other c isosurfaces across the flame brush.

PLIF of the OH-radical (OH-PLIF) is commonly employed in pre-
mixed combustion diagnostics, because the location of the maxi-
mum gradient in OH-concentration can be used as an indicator
of the location of the reaction zone or flame front. For the present
flame conditions the suitability of OH-PLIF to mark the reaction
zone has been extensively validated [50–57] and found optimal,
yielding high signal levels and exhibiting only a weak dependence
of signals to changes in curvature and strain rate.
5.2. Comparison between S�d and S�2D
d pdfs

The pdfs of three-dimensional density-weighted (normalised)
displacement speed S�d=SL and two-dimensional projection of den-
sity-weighted (normalised) displacement speed S�2D

d =SL at the
c = 0.8 isosurface are shown in Fig. 3a–c for cases A, C and E. Pdfs



Fig. 2. Contours of c in the central mid-plane of the domain at time t = dth/SL for cases: (a) A; (b) B; (c) C; (d) D; (e) E.
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of S�2D
d =SL are extracted from data collected from two-dimensional

planes containing the direction of mean flame propagation (i.e. x1-
direction). Cases B and D are not shown explicitly because they
were found to be qualitatively similar to the cases A and E, respec-
tively. In the present study it is assumed that the flame propaga-
tion and the local velocity measurements have been carried out
simultaneously for a given c isosurface (i.e. OH reaction layer indi-
cating the c isosurface close to maximum heat release) and the lo-
cal fluid velocity projection in two-dimensions is subtracted from
the flame propagation velocity in two-dimensions in order to
obtain displacement speed for a given c isosurface in two-
dimensional projection as done in Ref. [5]. For the sake of conve-
nience, the terminologies associated with Fig. 1 will be followed
in the following discussion where the flame is assumed to be
projected on the x1 � x2 plane whereas the mean direction of flame
propagation is assumed to align with the x1-direction. Figure 3a–c
shows that the most probable value of normalised density-
weighted displacement speed S�d=SL remains of the order of unity



(a) (b)

(c)
Fig. 3. Pdfs of S�d=SL and S�2D

d =SL on the c = 0.8 isosurface for cases: (a) A; (b) C; (c) E. All the pdfs and joint pdfs of this figure and the subsequent figures are extracted at time
t = dth/SL.

Table 3
Relevant mean values and standard-deviations of flame speeds on the c = 0.8 isosurface when statistics were extracted (i.e. tsim = dth/SL).

Case lSD rSD l2D
SD =lSD r2D

SD =rSD p=2� r2D
ST =rST lSRN rSRN l2D

SRN=lSRN r2D
SRN=rSRN

A 1.0 0.41 1.06 1.12 1.14 1.0 0.16 1.05 1.94
B 1.0 0.43 1.06 1.13 1.14 1.0 0.19 1.06 2.00
C 0.95 0.61 1.09 1.33 1.29 0.97 0.37 1.10 2.04
D 0.90 0.66 1.07 1.70 1.34 0.90 0.55 1.04 2.07
E 0.97 0.82 1.07 1.50 1.32 0.93 0.62 1.05 2.10
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for all cases but the spread of the pdf increases with u0/SL. The
mean and the standard-deviation of normalised density-weighted
displacement speed S�d=SL (i.e. lSD and rSD) at the time when statis-
tics were extracted (i.e. t = dth/SL) for all cases are listed in Table 3,
which substantiates that lSD remains of the order of unity for all
cases and rSD increases with increasing u0. Similar behaviour has
been observed for other c isosurfaces across the flame brush (see
Table 4
Relevant mean values and standard-deviations of flame speeds on the c

Case lSD rSD l2D
SD =lSD r2D

SD =rSD p=2�

A 0.93 0.52 1.05 1.15 1.12
B 0.93 0.57 1.05 1.17 1.15
C 0.86 0.74 1.01 1.36 1.20
D 0.80 0.55 1.04 2.11 1.22
E 0.77 0.82 1.06 2.33 1.30
Table A1 in Appendix A). The values of lSD and rSD halfway through
the simulation (i.e. t = 0.5dth/SL) are shown in Table 4 for the c = 0.8
isosurface which shows lSD assumed values close to but less than
unity. Moreover, rSD did not exhibit any monotonic trend with u0.
At t = 0.5dth/SL, the flame–turbulence interaction was developing,
which attributes to the observed differences in behaviours of lSD

and rSD between times t = 0.5dth/SL and t = dth/SL.
= 0.8 isosurface halfway through the simulation (i.e. t = 0.5dth/SL).

r2D
ST =rST lSRN rSRN l2D

SRN=lSRN r2D
SRN=rSRN

0.94 0.27 1.05 1.86
0.93 0.30 1.06 1.88
0.85 0.48 0.97 2.00
0.80 0.34 1.03 3.25
0.77 0.62 1.05 3.46
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Both pdfs for S�d=SL and S�2D
d =SL exhibit finite probabilities of

assuming negative values, especially for the flames with high val-
ues of Ka. A negative value of displacement speed indicates that the
negative contribution of the molecular diffusion rate r�(qDrc) lo-
cally overcomes the positive contribution of _w (see Eq. (2i)). This
behaviour can be explained in terms of the scaling analysis of Pe-
ters [1] for unity Lewis number flames, which suggested that:

ðSr þ SnÞ
vg

� SL

vg
� O

1ffiffiffiffiffiffi
Ka
p
� �

and
St

vg
� �2Djm

vg
� Oð1Þ ð9Þ

where vg is the Kolmogorov velocity scale, and (Sr + Sn) and jm are
taken to scale with SL and the Kolmogorov length scale g respec-
tively according to Peters [1]. The aforementioned scalings of com-
bined reaction and normal diffusion component of displacement
speed (Sr + Sn) and curvature jm were subsequently confirmed by
DNS data [21]. Eq. (9) clearly suggests that in the thin reaction
zones regime (i.e. Ka > 1) the effects of (Sr + Sn) are likely to weaken
progressively in comparison to the contribution of St with increas-
ing Karlovitz number Ka [1]. This suggests that for large values of
Karlovitz number the negative contribution of St can more readily
overcome the predominantly positive contribution of (Sr + Sn) to
yield a negative value of displacement speed Sd [1], which eventu-
ally gives rise to an increased probability of finding negative values
of Sd for flames with increasing value of Karlovitz number Ka, as
suggested by Fig. 3a–c. Negative values of estimated S�d=SL have also
been obtained by Hartung et al. [5] for turbulent premixed flames
and negative values of S�d=SL have also been experimentally reported
by Heeger et al. [58] for turbulent edge flames. The physical inter-
pretation and the mechanisms which could give rise to negative dis-
placement speed is discussed in detail by Gran et al. [14] and
interested readers are referred to Ref. [14] for further information.
The non-zero probability of finding negative S�d=SL is consistent with
several previous DNS [13–21] studies. It can be seen from Fig. 3a–c
that the probability of finding positive value of S�d=SL supersedes the
probability of obtaining negative values of S�d=SL in all cases, which
results in a positive mean value lSD for each individual cases (see
Tables 3 and 4). The variation of mean values of S�d ¼ qSd=q0

throughout the flame brush for statistically planar flames with
unity Lewis number has been presented elsewhere and interested
readers are referred to Refs. [19,23,25] where similar variations
were observed for cases comparable to the present study. The mean
values of S�d=SL (i.e. lSD) for five different c isosurfaces across the
flame brush at t = dth/SL are presented in Table A1 in Appendix A.

It can be seen from Fig. 3a–c that the probability of finding high
magnitudes of S�d=SL remains smaller than for S�2D

d =SL and the peak
value of S�2D

d =SL pdfs remains smaller than the S�d=SL pdfs. This ten-
dency is particularly prevalent for high u0 cases (see cases D and
E), whereas for small u0 cases (see cases A and B) the difference be-
tween S�d=SL and S�2D

d =SL pdfs remains negligible. However, the most
probable values of both the normalised density-weighted displace-
ment speed S�d=SL and its two-dimensional counterpart S�2D

d =SL re-
main close to unity which is substantiated by the values of
l2D

SD=lSD reported in Table 3 where l2D
SD is the mean value of S�2D

d =SL.
However, the larger width of S�2D

d =SL pdfs compared to S�d=SL pdfs
leads to greater values for r2D

SD than for rSD (see Table 3), where r2D
SD

is the standard-deviation of S�2D
d =SL. The values of l2D

SD=lSD and
r2D

SD=rSD halfway through the simulation (i.e. t = 0.5dth/SL) are also
presented in Table 4 for the c = 0.8 isosurface, which showed
l2D

SD=lSD remains close to unity whereas r2D
SD remains greater than

r2D
SD since an early stage of flame–turbulence interaction. The obser-

vations made for the c = 0.8 isosurface are also applicable for other c
isosurfaces across the flame brush (see Table A1 in Appendix A).

To explain the differences between S�d=SL and S�2D
d =SL pdfs it is

instructive to examine the statistics of |cos a|. The pdfs of |cos a|
on the c = 0.8 isosurface are shown in Fig. 4a which show a pre-
dominant probability of finding |cos a| � 1 for all cases, which indi-
cates a = 00 is the most probable value of a. This can further be
substantiated from the pdfs of N2

1 þ N2
2

� �
on the c = 0.8 isosurface

(see Fig. 4b), which demonstrate overwhelming probability of find-
ing N2

1 þ N2
2

� �
� 1 for all cases, which is consistent with previous

findings [48,49]. This behaviour can be explained in terms of a cur-
vature shape-factor sh, which is defined as [48,49]: sh = hmin/hmax,
where hmin is the smaller of j1 and j2 by magnitude and hmax is
the other. A value of sh = 1 corresponds to spherical curvature,
sh = 0 to cylindrical curvature and sh = �1 to spherical saddle
points. Pdfs of sh in Fig. 4c show that the probability of finding lo-
cally cylindrical structure is highest. There is a modest probability
of finding spherical saddle points and zero probability of finding
spherical curvature. There is little variation between different c iso-
surfaces. As the flame surface is predominantly cylindrically
curved, the probability of finding N2

1 þ N2
2

� �
� 1 remains predom-

inant throughout the flame surface. If the x1-direction is taken to
be the mean direction of flame propagation, the flame normal
movement is predominantly aligned with x1, and the directions
x2 and x3 are expected to be statistically similar. This suggests that
the pdfs of N2

1 þ N2
3

� �
are going to be qualitatively similar to the

pdfs of N2
1 þ N2

2

� �
, which is indeed found to be the case here but

not shown here for the sake of brevity. In order to explain the
above behaviour the pdfs of N1 and N2 on the c = 0.8 isosurface
are shown in Figs. 4d and e respectively for all the cases considered
here. According to the definition of flame normal vector
N
!
¼ �rc=jrcj the flame normal points towards the unburned

reactants. The component N1 points predominantly to the mean
direction of flame propagation, and from Fig. 4c it can be seen that
whereas the mean direction of propagation is in the negative x1-
direction there is a finite probability of finding positive values of
N1, i.e. the flame locally may face backwards. Due to flame wrin-
kling the peak of the pdf of N1 for some c isosurfaces is shifted from
�1 to a slightly less negative value indicating the extent of the
deformation from a planar flame sheet. The pdfs of the transverse
components N2 and N3 are similar to one another since the x2 and
x3 directions are statistically identical, and thus the pdf of N3 is not
separately shown and the transverse components vary over the full
range of �1 to 1 depending on the extent of the local wrinkling of
the flame surface (see Fig. 4e). In a statistically planar flame with
mean direction of flame propagation aligned with the x1-direction,
it is extremely rare to find |N2| = 1 and |N3| = 1 (i.e. a situation
where the flame normal is locally aligned exactly along the either
x2 or x3 direction). Hence, the probabilities of finding N1 = 0 or
|N2| = 1 and |N3| = 1 are close to zero for the cases considered here
(see Fig. 4d and e). However, there is a non-negligible probability
of finding N2 and N3 with magnitudes close to unity (see Fig. 4e)
which in turn gives rise to negligible magnitudes of N1 (see
Fig. 4d). The behaviour of the flame normal components is consis-
tent with previous DNS [49] and experimental results [59,60].

The contours of joint pdf between N1 and N2 for case D are pre-
sented in Fig. 5a where the arc of a circle of unit radius is evident.
The same is true for the joint pdf of N1 and N3 which can be seen in
Fig. 5b as N2 and N3 are statistically similar to each other and the
slight difference between the differences in Fig. 5a and b arise due
to finite sample size. On a given c isosurface N2

1 þ N2
2 þ N2

3 ¼ 1, but
if N1 remains close to �1 in most locations the equation
N2

2 þ N2
3 ¼ e2 holds where e is a small number. This suggests that

N2 and N3 will fall on the circumference of circles of different diam-
eters corresponding to different values of N1. This is illustrated by the
joint pdf between N2 and N3 as shown in Fig. 5c which produces a
filled-in circle of unit radius. The incomplete filling of the circle is
due to the finite sample size. It is possible to obtain non-zero (but
negligible) probability of finding |N2| = 1 or |N3| = 1 and N1 = 0 for
infinite sample size but this situation is not encountered here be-
cause of the finite sample size. It is important to note that
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Fig. 4. Pdfs of (a) |cos a|; (b) N2
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N2
1 þ N2

3 ¼ 1 when N2
2= N2

2 þ N2
3

� �
¼ 0, indicating that the local flame

surface has cylindrical structure with axis aligned in the x2 direction.
Similarly, cylindrical structure with axis aligned in the x3 direction is
obtained when N2

1 þ N2
2 ¼ 1 and N2

2= N2
2 þ N2

3

� �
= 1. This explains

why the pdfs of N2
1 þ N2

2 and N2
1 þ N2

3 are each peaked at unity, and
why a part of the circular arc of unit radius is obtained in the joint
pdfs of N1 and N2 (Fig. 5a) and N1 and N3 (Fig. 5b). Although the joint
pdfs are shown only for case D in Fig. 5, the same qualitative behav-
iour has been observed in other cases. These results, taken together
with the results for curvature shape factor (Fig. 4c), indirectly prove
the overwhelming presence of cylindrical structure on a three-
dimensional wrinkled flame surface.
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The predominant probability of finding N2
1 þ N2

3

� �
� 1 suggests

overwhelming probability of finding |cos b| � 1 where |b| is given
by cos�1 jN

!
2D:M

!
j where N

!
2D is the apparent flame normal vector

in two-dimensional projection and M
!

is the unit vector in the
direction of mean flame propagation (i.e. x1-direction). Hartung
et al. [5] approximated |cos a| by jN

!
2D �M

!
j ¼ j cos bj (i.e. |cos a| =

|cos b|). The pdfs of |cos b| on the c = 0.8 isosurface are shown in
Fig. 5d, which show a predominant probability of finding
|cos b| � 1 for all cases. Comparing Figs. 4a and 5d, it is evident that
the pdfs of |cos a| can be adequately captured by |cos b| as assumed
by Hartung et al. [5]. The probability of finding non-unity values of
|cos a| and |cos b| increases with increasing u0 due to the larger ex-
tent of flame wrinkling (see Fig. 2a–e).

As cos a appears explicitly in the expression for S2D
d , the values

of cos a are more relevant to this investigation than the magnitude
of the angle a. Moreover, |cos a| is modelled by |cos b| for the pur-
pose of evaluating S�2D

d as discussed in detail by Hartung et al. [5] so
|cos b| is the quantity of interest. Thus the pdfs of |a| and
jbj ¼ cos�1 jN

!
2D:M

!
j are not shown here for the sake of brevity.

However, it is clear from Figs. 4a and 5d that the probability of
finding negligible magnitude of a and b (i.e. |cos a| � 1 and
|cos b| � 1) is predominant for all cases. By contrast the probability
of obtaining the magnitudes of a and b close to p/2 (i.e. |cos a| = 0
and | cos b| = 0) is negligible for all cases.

The predominant probability of finding | cos a| � 1 and zero
probability of finding | cos a| = 0 in Fig. 4a indicates that the singu-
larity in Eq. (5) when cos a = 0 is never encountered for all the
cases considered here. This is a consequence of the fact that S�2D

d

is evaluated here on a measurement plane which contains the
mean direction of flame propagation (i.e. x1-direction). It is clear
that it is beneficial to choose a measurement plane which contains
the mean flame propagation direction to obtain meaningful S�2D

d

statistics. A randomly or inadequately chosen two-dimensional
measurement plane may increase the probability of finding
cos a = 0 leading to unphysical results for S�2D

d .
Based on the above discussion, it is clear that the large probabil-

ity of finding cos a = 1 (or a = 00) in the low u0 cases (e.g. cases A
and B) ultimately gives rise the pdfs of two-dimensional projection
of density-weighted displacement speed S�2D

d =SL, which are similar
to the S�d=SL pdfs because the contribution of u3 tan a is likely to be
negligible in these cases ð* tan a � 0Þ. However, for high values of
u0 (e.g. cases D and E), the probability of finding |cos a| – 1 remains
relatively greater than in cases A and B which acts to produce a lar-
ger spread of S�2D

d =SL values than for S�d=SL according to Eq. (5), as
cos a < 1. Moreover, greater probability of finding |cos a| – 1 in
cases D and E also leads to non-negligible effects of u3 tan a on
the range of values obtained for S�2D

d =SL. As a large range of local
u3 values are obtained for higher u0 cases, the contribution of u3

tan a also contributes to the spreading of two-dimensional projec-
tion of density-weighted displacement speed S�2D

d =SL. In the pres-
ent case, the mean value of u3 remains almost equal to zero and
thus the contribution of u3 tan a does not affect the mean value
of S�2D

d =SL. However, the contribution of u3 tan a is likely to contam-
inate the mean value of S�2D

d =SL for non-zero mean values of u3. The
foregoing discussion suggests that pdfs of two-dimensional projec-
tion of density-weighted displacement speed S�2D

d =SL are an accu-
rate reflection of actual three-dimensional density-weighted
displacement speed S�d=SL pdfs for small values of u0 when |cos a|
predominantly assumes a value of unity. However, often in engi-
neering applications the value of turbulent Reynolds number
Ret � ðu0=SLÞ4=Ka2 attains much greater value than the flames con-
sidered in the present study for the purpose of computational
economy of DNS simulations. The scaling u0=SL � Re1=4

t Ka1=2 sug-
gests that for large values of turbulent Reynolds number the prob-
ability of finding |cos a| – 1 will increase and u3 tan a will have a
non-negligible effect on the range of values obtained for S�2D

d =SL.
This situation will be further aggravated in the thin reaction zones
regime due to high values of Karlovitz number Ka. This demon-
strates that the pdf of S�2D

d provides a reasonably accurate measure
of the true three-dimensional displacement speed only for small
values of u0/SL and Ret but this may not be true for higher values
of turbulent Reynolds number Ret. Further analysis in this regard
will be necessary.
5.3. Comparison between S�t and S�2D
t pdfs

It is evident from Eqs. (4) and (7) that S�2D
t can only accurately

predict S�t if the statistical behaviour of two-dimensional curvature
j2D

m faithfully captures the statistical behaviours of three
dimensional curvature jm. The pdfs of jm and j2D

m on the c = 0.8 iso-
surface for cases A, C and E are shown in Fig. 6a–c respectively and
the pdfs of curvatures jm and j2D

m in cases B and D are qualitatively
similar to the cases A and E respectively and thus are not shown
here for the sake of brevity. The same qualitative behaviour has
been observed for other c-isosurfaces. Figure 6a–c shows that the
pdfs of jm and j2D

m show almost equal probability of finding positive
and negative values and the most probable value remains close to
the zero value, as all the flames are statistically planar in nature.
Comparing Fig. 6a–c indicates that the probability of finding large
magnitude of jm is greater than the probability of finding large
j2D

m magnitudes. These observations are found to be consistent with
previous two-dimensional and three-dimensional curvature pdf
comparisons by Gashi et al. [50]. This suggests the pdfs of two-
dimensional projection of tangential-diffusion component of den-
sity-weighted displacement speed S�2D

t ¼ �2qDj2D
m =q0 are going

to be narrower than the pdfs of its actual three-dimensional coun-
terpart S�t ¼ �2qDjm=q0 and the standard-deviation of S�2D

t is likely
to be smaller than the standard-deviation of S�t . However, the mean
values of S�2D

t and S�t for statistically planar flames are likely to be
close to zero as the mean values of jm and j2D

m remain close to zero.
It has been shown earlier that premixed flames locally show a

dominant probability of finding cylindrical curvature. Thus, if a
plane obliquely cuts a cylindrical surface, the projected radius of
curvature on the plane is going to be greater than the actual radius
of curvature. This leads to smaller magnitudes in curvature in the
obliquely intersecting plane than the actual curvature, as curvature
is inversely proportional to the radius of curvature. This ultimately
leads to wider pdfs of jm than the pdfs of j2D

m . It has been found
here that scaling two-dimensional curvature as j�m ¼ p� j2D

m =2
successfully captures the pdfs of jm for all cases in spite of large
variations of Da, Ka and Ret (see Table 1), as demonstrated in
Fig. 6a–c. Similar behaviour has been observed for other c-isosur-
faces. Furthermore this suggests that pdfs of p� S�2D

t =2 also suc-
cessfully capture the pdfs of S�t (see Eqs. (4) and (7)), as
demonstrated in Fig. 7a–c for cases A, C and E respectively. Similar
results have been obtained for cases B and D, which are not pre-
sented here for the sake of brevity. It can further be seen from
Tables 3 and A1 in Appendix A that the standard-deviation of
p� S�2D

t =2 (i.e. p=2� r2D
ST ) remains of the same order of the stan-

dard-deviation of S�t (i.e. rST) for all the cases considered here when
the statistics were extracted (i.e. t = dth/SL). Similar behaviour has
also been observed halfway through the simulation (i.e. t = 0.5dth/
SL) as can be seen from Table 4. In this regard, it is worth noting
that Hawkes et al. [36] recently obtained an analytical relation be-
tween the three-dimensional surface averaged curvature
ðjmÞs ¼ jmjrcj=Rgen and its two-dimensional counterpart

j2D
m

� �
s ¼ jmjrcj2D

=jrcj2D in the context of RANS in the following

manner: ðjmÞs ¼ p=2� j2D
m

� �
s based on the assumption of isotropy

of the flame normal vector where |rc|2D is the magnitude of
the reaction progress variable gradient in the two-dimensional



(a) (b)

(c)
Fig. 6. Pdfs of jm � dth; j2D

m � dth and j2D
m � dth � ðp=2Þ on the c = 0.8 isosurface for cases: (a) A; (b) C; (c) E.
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projection (e.g. in the context of Fig. 1a |rc|2D is given by: jrcj2D ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð@c=@x1Þ2 þ ð@c=@x2Þ2

q
). Although the correction factor p/2 relates

ðjmÞs and j2D
m

� �
s as found by theoretical analysis, the use of this

constant correct factor to obtain the pdfs of jm from the pdfs of
j2D

m is empirical in nature and a deeper analysis will be required
to justify this factor. It is worth noting that the mean values of
jm and j2D

m remain close to zero in statistically planar flames and
no correction factor is necessary to relate the mean values of jm

and j2D
m .
5.4. Comparison between S�r þ S�n
� �

and S�r þ S�n
� �2D pdfs

The pdfs of combined reaction and normal diffusion component
of density-weighted displacement speed (normalised) S�r þ S�n

� �
=SL

and its two-dimensional counterpart (i.e. S�r þ S�n
� �2D

=SL ¼ S�2D
d =

SL � S�2D
t =SL ¼ S�2D

d =SL þ 2qDj2D
m =q0SL) on the c = 0.8 isosurface for

cases A, C and E are shown Fig. 8a–c respectively. The cases B and
D are shown here for conciseness as these cases exhibit same qual-
itative behaviours as that of cases A and E respectively. Comparing
density-weighted displacement speed S�d=SL and combined reaction
and normal diffusion component of density-weighted displacement
speed S�r þ S�n

� �
=SL pdfs from Figs. 3a–c and 8a–c, it is evident that

the probability of finding negative values is relatively smaller for
S�r þ S�n
� �

=SL than S�d=SL, which suggests that the negative value of
S�d=SL principally originates due to S�t =SL, which is consistent with
scaling arguments proposed by Peters [1] for the thin reaction zones
regime. Tables 3 and A1 indicate that the standard-deviation of
S�r þ S�n
� �

=SL (i.e. rSRN) is smaller than the standard-deviation of
S�d=SL (i.e. rSD) and rSRN increases with increasing u0. In turbulent
flames, wrinkling leads to a large range of curvature and S�t varia-
tions (see Eq. (4)) which makes S�d=SL pdfs wider than corresponding
S�r þ S�n
� �

=SL pdfs. This ultimately leads to a greater value of rSD than
rSRN. Moreover, the pdfs of combined reaction and normal diffusion
component of density-weighted displacement speed S�r þ S�n

� �
=SL for

all cases suggest that the most probable value of S�r þ S�n
� �

=SL

remains about unity. This leads to a mean value of normalised
combined reaction and normal diffusion component of density-
weighted displacement speed S�r þ S�n

� �
=SL close to unity (i.e.

lSRN � 1), (see Tables 3 and A1). Figure 8a–c indicate that the pdfs
of S�r þ S�n
� �2D

=SL are wider than the S�r þ S�n
� �

=SL pdfs and thus the
standard-deviation of S�r þ S�n

� �2D
=SL remains greater than that of

S�r þ S�n
� �

=SL although the most probable and mean values of
S�r þ S�n
� �2D

=SL remain of the order of unity. This can be substantiated
from the values of l2D

SRN=lSRN and r2D
SRN=rSRN at t = dth/SL presented in

Table 3 for the c = 0.8 isosurface where l2D
SRN and r2D

SRN are the mean
and standard-deviations of S�r þ S�n

� �2D
=SL respectively. A similar

qualitative behaviour has been observed for other c isosurfaces
across the flame brush (see Table A1 in Appendix A). It can be also
be seen from Table 4 that l2D

SRN=lSRN remains close to unity and
r2D

SRN remains significantly greater than rSRN since t = 0.5dth/SL

although l2D
SRN assumes values smaller than unity but close to unity

due to the developing nature of flame–turbulence interaction.
As the pdfs of S�2D

d =SL are wider than S�d=SL (see Fig. 3a–c) and the
pdfs of S�2D

t =SL are narrower than S�t =SL (see Fig. 7a–c), the pdfs of
S�r þ S�n
� �2D

=SL turn out to be wider than the pdfs of S�r þ S�n
� �

=SL.
Although the pdfs of p� S�2D

t =2SL successfully mimic the pdfs of



(a) (b)

(c)
Fig. 7. Pdfs of S�t =SL; S�2D

t =SL and S�2D
t =SL � ðp=2Þ on the c = 0.8 isosurface for cases: (a) A; (b) C; (c) E.
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S�t =SL, the pdfs of S�2D
d =SL � ðp=2Þ � S�2D

t =SL ¼ S�2D
d =SL þ 2qDj2D

m =

q0SL � p=2 remain comparable to the pdfs of the two-dimensional
counterpart of the combined reaction and normal diffusion compo-
nent of density-weighted displacement speed S�r þ S�n

� �2D
=SL for all

cases. This suggests that the correction for obtaining S�t =SL from
S�2D

t =SL is not sufficient to mimic S�r þ S�n
� �

=SL pdfs from two-
dimensional projection even for low u0 cases (e.g. cases A) despite
the fact that in these cases the pdfs of S�2D

d =SL remain almost similar
to the S�d=SL pdfs (see Fig. 3a). This suggests that although the dis-
tributions of p� S�2D

t =2SL remain comparable to that of S�t =SL, the
local three-dimensional curvature jm information cannot be ade-
quately captured by just multiplying the two-dimensional curva-
ture j2D

m by a constant multiplier (e.g. p/2) as done in the context
of approximating jm pdfs from the pdfs of j2D

m (see Fig. 6a–c). This
issue can further be elucidated by comparing actual curvature
dependence of S�d=SL and S�r þ S�n

� �
=SL with j2D

m dependences of
S�2D

d =SL and S�r þ S�n
� �2D

=SL.
5.5. The local curvature dependence of displacement speed in two and
three-dimensions

The contours of the joint pdf between normalised density-
weighted displacement speed S�d=SL and normalised curvature
jm � dth on the c = 0.8 isosurface for case C are shown in Fig. 9a,
which show that S�d=SL and jm � dth are negatively correlated, con-
sistent with several previous studies [13–21,23–29]. The same
qualitative behaviour has been observed for other c isosurfaces
across the flame brush for all cases, and this can be substantiated
from the correlation-coefficients reported in Tables 5 and A2 (in
Appendix A) at time t = dth/SL. This indicates that the correlation-
coefficient between S�d=SL and jm � dth decreases with increasing
u0 for a given value of either Da or Ka, which is also consistent with
earlier findings [18,20]. The correlation coefficients between S�d=SL

and jm � dth at t = 0.5dth/SL are also reported in Table 6 which show
the same qualitative behaviour as observed at time t = dth/SL (com-
pare Tables 5 and 6). Figure 9a and Tables 5, 6 and A2 demonstrate
that the correlation between S�d=SL and jm � dth is non-linear in
nature. As the tangential-diffusion component of density-weighted
displacement speed S�t =SL and curvature jm � dth are predictably
negatively correlated with a correlation coefficient equal to �1
(see Eq. (4)), the non-linearity of the correlation between S�d=SL

and jm � dth is induced by the curvature jm dependence of com-
bined reaction and normal diffusion component S�r þ S�n

� �
. This is

evident from the contours of joint pdf between S�r þ S�n
� �

=SL and
jm � dth on the c = 0.8 isosurface for case C, as shown in Fig. 9b,
which exhibits a non-linear correlation with both positive and neg-
ative correlating branches but the net correlation remains weak.
Same qualitative behaviour has been observed for other c isosur-
faces across the flame brush (see Table A2 in Appendix A). Tables
5 and 6 suggest that the same qualitative behaviour is observed
for other cases since t = 0.5dth/SL. The physical explanation behind
the positive and negative correlating branches in the joint pdf be-
tween the combined reaction and normal diffusion component of
displacement speed S�r þ S�n

� �
=SL and jm � dth has been provided

elsewhere in detail [19–21,23–28] and thus will not be repeated
here for the sake of brevity. Fig. 9a and b indicates the negative
correlation between S�t and jm is principally responsible for the



(a) (b)

(c)
Fig. 8. Pdfs of S�r þ S�n

� �
=SL; S�r þ S�n

� �2D
=SL ¼ S�2D

d =SL � S�2D
t =SL ¼ S�2D

t =SL þ 2qDj2D
m =q0SL and S�2D

d =SL � ðp=2Þ � S�2D
t =SL ¼ S�2D

d =SL þ 2qDj2D
m =q0SL � p=2 on the c = 0.8 isosurface

for cases: (a) A; (b) C; (c) E.
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negative correlation between S�d=SL and jm � dth. The contours of
the joint pdfs between S�2D

d =SL and j2D
m � dth and between two-

dimensional projection of combined reaction and normal diffu-
sion component of density-weighted displacement speed (i.e.
S�r þ S�n
� �2D

=SL ¼ S�2D
d =SL � S�2D

t =SL ¼ S�2D
d =SL þ 2qDj2D

m =q0SL) and
two-dimensional curvature j2D

m � dth on the c = 0.8 isosurface for
case C are shown in Fig. 9c and d respectively. Comparison be-
tween Fig. 9a with c reveals that the correlation between S�2D

d =SL

and j2D
m � dth turns out to be much weaker than the correlation be-

tween S�2D
d =SL and j2D

m � dth, which is summarised in terms of cor-
relation-coefficients in Tables 5 and 6 at times t = dth/SL and
t = 0.5 � dth/SL respectively. The correlation coefficients between
S�2D

d =SL and j2D
m � dth for other c isosurfaces across the flame brush

at time t = dth/SL are presented in Table A2 in Appendix A which
substantiates that correlation between S�2D

d =SL and j2D
m � dth re-

mains much weaker than the correlation between S�2D
d =SL and

j2D
m � dth throughout the flame brush. Figure 9d shows the net cor-

relation between S�r þ S�n
� �2D

=SL and j2D
m � dth remains weak (see

Table 5) but this correlation does not show any clear positive
and negative correlating branches and thus remains qualitatively
different from the correlation between S�r þ S�n

� �
=SL and jm � dth.

In order to explain this behaviour the contours of joint pdfs be-
tween S�2D

d =SL and S�d=SL on the c = 0.8 isosurface for cases A, C
and E are shown Fig. 10a–c respectively. The cases B and D are
not explicitly shown for their similarity to cases A and E respec-
tively. It is evident from Fig. 10a–c that S�2D

d =SL and S�d=SL remain
positively correlated with each other for all the cases but the scat-
ter of the data around the line indicating the correlation coefficient
equal to unity increases with increasing u0=SL � Re1=4

t Ka1=2, which
indicates that the local behaviour of S�2D

d =SL is likely to be different
from S�d=SL for flames with high values of turbulent Reynolds num-
ber Ret and Karlovitz number Ka. This can further be substantiated
from Tables 5 and 6 that the correlation coefficients between
S�2D

d =SL and S�d=SL remain smaller than unity and the correlation-
coefficients are generally smaller for high values of u0 (compare
cases A and B with cases D and E). A similar behaviour has been ob-
served for other c isosurfaces across the flame brush (see Table A2).
The contours of the joint pdfs between j2D

m and jm on the c = 0.8
isosurface for cases A, C and E are shown Fig. 10d–f respectively.
The cases B and D are not explicitly shown for their similarity to
cases A and E respectively. It is evident from Fig. 10d–f that j2D

m

and jm remain positively correlated with each other and the scat-
ter of data around the line indicating the correlation coefficient
equal to unity remains considerable for all the cases. As a result
of this, the correlation-coefficient between j2D

m and jm also re-
mains smaller than unity for all cases (see Tables 5 and 6). A similar
behaviour has been observed for other c isosurfaces across the
flame brush (see Table A2). This suggests that the local variations
of S�2D

d =SL; S�r þ S�n
� �2D

=SL and j2D
m are fundamentally different from

the variations of S�d=SL; S�r þ S�n
� �

=SL and jm respectively, which
leads to the difference between S�r þ S�n

� �2D � j2D
m and S�r þ S�n

� �
�

jm and between S�2D
d � j2D

m and S�d � jm correlations. As S�2D
d and



(a) (b)

(d)(c)
Fig. 9. Contours of joint pdf between (a) S�d=SL and jm � dth; (b) S�r þ S�n

� �
=SL and jm � dth; (c) S�2D

d =SL and j2D
m � dth and (d) S�r þ S�n

� �2D
=SL ¼ S�2D

d =SL � S�2D
t =SL ¼

S�2D
t =SL þ 2qDj2D

m =q0SL and j2D
m � dth on the c = 0.8 isosurface for case C.

Table 5
The relevant values of correlation-coefficients on the c = 0.8 isosurface when statistics were extracted (i.e. tsim = dth/SL).

Case S�d � jm S�r þ S�n
� �

� jm S�2D
d � j2D

m S�r þ S�n
� �2D � j2D

m S�d � S�2D
d jm � j2D

m

A �0.89 0.28 �0.59 0.025 0.89 0.80
B �0.90 0.22 �0.60 0.022 0.89 0.78
C �0.80 0.054 �0.35 0.075 0.73 0.69
D �0.62 0.14 �0.10 0.16 0.50 0.68
E �0.70 �0.053 �0.18 0.068 0.55 0.72

Table 6
The relevant values of correlation-coefficients on the c = 0.8 isosurface halfway through the simulation (i.e. t = 0.5dth/SL).

Case S�d � jm S�r þ S�n
� �

� jm S�2D
d � j2D

m S�r þ S�n
� �2D � j2D

m S�d � S�2D
d jm � j2D

m

A �0.86 0.29 �0.56 0.033 0.87 0.78
B �0.86 0.28 �0.54 0.055 0.87 0.78
C �0.76 0.051 �0.32 0.068 0.68 0.75
D �0.78 0.20 �0.15 0.104 0.42 0.77
E �0.74 �0.053 �0.13 0.140 0.43 0.78
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j2D
m are not perfectly correlated with S�d and jm respectively and the

contribution of u3 tan a is unlikely to be dependent on j2D
m , the

two-dimensional displacement speed S�2D
d is found to be weakly

correlated with j2D
m .
6. Conclusions

In a recent paper, Hartung et al. [5] presented an experi-
mental methodology for obtaining two-dimensional projection of



(a) (b) (c)

(f)(e)(d)
Fig. 10. Contours of joint pdf between S�2D

d =SL and S�d=SL for: (a) case A, (b) case C and (c) case E on the c = 0.8 isosurface. Contours of joint pdfs between j2D
m and jm on the

c = 0.8 isosurface for: (d) case A, (e) case C and (f) case E on the c = 0.8 isosurface. The black line with slope equal to unity in Fig. 10a–f corresponds to the line indicating a
correlation coefficient equal to unity.
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density-weighted displacement speed S�2D
d based on time-resolved

planar imaging. This warrants a direct comparison between S�2D
d

and the full three-dimensional density-weighted displacement
speed S�d, which motivated the present study. Quantitative compar-
isons were carried out to explore the relation between S�d and S�2D

d

using a DNS database of statistically planar turbulent premixed
flames. It has been found that the pdfs of S�2D

d faithfully represent
the pdfs of S�d (e.g. the mean value and standard-deviation of S�2D

d re-
main almost the same as those for S�d) when u0 remains either smaller
than or almost equal to 6SL. However, the pdfs of S�2D

d become signif-
icantly wider than the pdfs of S�d for higher values of u0 (e.g. u0 P 9SL).
Despite the deteriorating agreement between the pdfs of S�2D

d and S�d
with increasing u0, the mean value of S�2D

d remains almost the same as
the actual mean value of S�d for all cases considered here, but the stan-
dard-deviation of S�2D

d remains greater than that of S�d. This indicates
that the pdf of S�2D

d may faithfully replicate the pdf of actual three-
dimensional density-weighted displacement speed S�d for small
values of turbulent Reynolds number Ret � ðu0=SLÞ4= Ka2 (e.g.
Ret � 20 cases considered in the present study) but the pdf of
S�2D

d may not be representative of actual pdf of density-weighted
displacement speed S�d for large values of turbulent Reynolds num-
ber Ret (e.g. Ret � 100 cases considered in the present study).

It has been found that the pdfs of j2D
m and S�2D

t are found to be nar-
rower than their actual three-dimensional counterparts (i.e. jm and
S�t respectively). A simple correction is proposed, by which the cor-
rect pdfs, mean and standard-deviation of jm and S�t can be accu-
rately approximated from the pdfs, mean and standard-deviation
of p=2� j2D

m and p=2� S�2D
t respectively. As S�2D

d pdfs are wider
than S�d pdfs and S�2D

t pdfs are narrower than S�t pdfs, the pdfs
of S�r þ S�n

� �2D
=SL ¼ S�2D

d =SL � S�2D
t =SL ¼ S�2D

d =SL þ 2qDj2D
m =q0SL are

found to be wider than the pdfs of combined reaction and normal dif-
fusion component of density-weighted displacement speed
S�r þ S�n
� �

=SL. This gives rise to a standard-deviation of S�r þ S�n
� �2D

=

SL, which is about the twice of the standard-deviation of its actual
three-dimensional counterpart S�r þ S�n

� �
=SL for all the cases consid-
ered here. However, the mean values of S�r þ S�n
� �2D remain close to

the mean values of S�r þ S�n
� �

for all cases considered here. It has
been found that loss of perfect correlation between two and
three-dimensional quantities leads to differences between
S�r þ S�n
� �2D � j2D

m and S�r þ S�n
� �

� jm, and between S�2D
d � j2D

m and
S�d � jm correlations. The correlation between density-weighted
displacement speed S�d and curvature jm are strongly negatively cor-
related for all the cases whereas the correlation between S�2D

d andj2D
m

turns out to be much weaker than its three-dimensional counter-
part. Similarly the correlation between S�r þ S�n

� �2D and j2D
m is found

to be qualitatively different from the correlation between their
three-dimensional counterparts (i.e. the correlation between
S�r þ S�n
� �

andjm). Two clearly defined positive and negative correlat-
ing branches have been observed in the correlation between
S�r þ S�n
� �

and jm but no such behaviour has been observed for the
correlation between S�r þ S�n

� �2D and j2D
m . This suggests that the S�2D

d

statistics need to be used carefully to infer on actual statistical
behaviour of S�d, as the standard-deviation and local curvature re-
sponses may differ, but the mean values can be estimated from
two-dimensional measurements relatively accurately as long as
the imaging plane contains the mean direction of flame propagation
and the mean flow velocity in the out-of-plane direction remains
negligible.
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Appendix A. Flame speed statistics for five different c
isosurfaces across the flame brush

Table A1
Table A2



Table A1
Relevant mean values and standard-deviations of flame speeds on five different c isosurfaces across the flame brush when statistics were extracted (i.e. tsim = dth/SL).

c Case lSD rSD l2D
SD =lSD r2D

SD =rSD p=2� r2D
ST =rST lSRN rSRN l2D

SRN=lSRN r2D
SRN=rSRN

0.1 A 0.97 0.73 1.16 1.26 1.14 0.98 0.34 1.17 2.35
B 0.96 0.76 1.20 1.31 1.14 0.96 0.34 1.20 2.54
C 1.08 1.00 1.15 1.55 1.26 1.10 0.55 1.13 2.61
D 1.41 1.04 1.02 1.85 1.34 1.40 0.69 1.02 2.77
E 1.20 1.21 1.11 1.62 1.32 1.23 0.79 1.09 2.42

0.3 A 0.97 0.52 1.12 1.24 1.13 0.97 0.11 1.13 4.97
B 0.97 0.54 1.14 1.26 1.14 0.97 0.10 1.14 5.34
C 0.98 0.79 1.18 1.49 1.31 0.99 0.40 1.18 2.74
D 0.98 0.70 1.11 2.22 1.31 1.01 0.30 1.09 5.11
E 1.01 0.91 1.12 1.81 1.21 1.01 0.42 1.13 3.77

0.5 A 0.99 0.47 1.09 1.19 1.14 0.98 0.11 1.09 3.95
B 0.99 0.48 1.10 1.18 1.14 0.99 0.11 1.10 4.00
C 0.95 0.66 1.16 1.46 1.28 0.96 0.24 1.15 3.67
D 0.90 0.65 1.10 2.04 1.35 0.93 0.40 1.08 3.33
E 0.97 0.79 1.10 1.79 1.23 0.97 0.38 1.11 3.65

0.7 A 1.00 0.43 1.07 1.15 1.14 1.00 0.16 1.07 2.40
B 1.01 0.45 1.07 1.13 1.14 1.01 0.16 1.07 2.45
C 0.95 0.62 1.12 1.37 1.30 0.97 0.34 1.11 2.32
D 0.86 0.66 1.08 1.80 1.33 0.90 0.49 1.05 2.41
E 0.96 0.77 1.07 1.67 1.26 0.98 0.48 1.07 2.58

0.9 A 1.01 0.39 1.06 1.13 1.13 1.01 0.23 1.06 1.53
B 1.02 0.41 1.06 1.11 1.14 1.02 0.23 1.06 1.59
C 0.96 0.61 1.10 1.28 1.28 0.98 0.43 1.09 1.71
D 0.84 0.66 1.06 1.64 1.36 0.89 0.66 1.03 1.70
E 0.96 0.81 1.06 1.50 1.34 1.00 0.69 0.97 1.74

Table A2
The relevant values of correlation-coefficients on five different c isosurfaces when statistics were extracted (i.e. tsim = dth/SL).

c Case S�d � jm S�r þ S�n
� �

� jm S�2D
d � j2D

m S�r þ S�n
� �2D � j2D

m S�d � S�2D
d jm � j2D

m

0.1 A �0.88 �0.40 �0.48 �0.20 0.75 0.79
B �0.90 �0.38 �0.48 �0.18 0.75 0.78
C �0.79 �0.39 �0.30 �0.10 0.75 0.78
D �0.62 �0.39 �0.06 �0.01 0.75 0.78
E �0.70 �0.39 �0.14 �0.04 0.75 0.78

0.3 A �0.97 �0.65 �0.56 �0.19 0.78 0.78
B �0.99 �0.65 �0.57 �0.15 0.78 0.78
C �0.83 �0.27 �0.30 �0.04 0.61 0.73
D �0.85 �0.42 �0.09 0.04 0.28 0.74
E �0.85 �0.41 �0.18 �0.01 0.38 0.73

0.5 A �0.97 �0.26 �0.61 �0.14 0.84 0.78
B �0.98 �0.31 �0.61 �0.12 0.84 0.78
C �0.92 �0.33 �0.34 �0.04 0.63 0.72
D �0.75 �0.21 �0.09 0.07 0.37 0.75
E �0.85 �0.34 �0.19 0.00 0.43 0.73

0.7 A �0.93 0.13 �0.61 �0.04 0.87 0.78
B �0.93 0.07 �0.61 �0.04 0.88 0.78
C �0.82 �0.07 �0.36 0.04 0.70 0.72
D �0.68 �0.04 �0.10 0.12 0.46 0.72
E �0.77 �0.17 �0.19 0.03 0.51 0.73

0.9 A �0.84 0.44 �0.57 0.12 0.89 0.79
B �0.85 0.38 �0.56 0.11 0.90 0.77
C �0.73 0.22 �0.33 0.13 0.75 0.72
D �0.49 0.33 �0.09 0.25 0.54 0.78
E �0.56 0.13 �0.16 0.11 0.60 0.72
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